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1 Analyticity of Power Series

Lemma

Let |z| ≤ r, |w| ≤ r. Then |zn − wn| ≤ n|z − w|rn−1.

Proof. zn − wn = (z − w)(zn−1 + zn−2w + · · ·+ wn−1), so

|zn − wn| ≤ |z − w|
n−1∑
k=0

|wkzn−1−k|︸ ︷︷ ︸
≤ rn−1

≤ n rn−1|z − w|. □

Theorem (analyticity of power series)

Let f(z) =
∑∞

n=0 anz
n be a power series with radius of convergence R. Then f is analytic on

B(0, R) and

f ′(z) =
∞∑
n=1

nanz
n−1 (termwise di�erentiation).

Proof. Let f1(z) :=
∑∞

n=1 nanz
n−1.

Step 1: f1 has the same radius of convergence R. Let R1 be the radius of convergence of
∑∞

n=1 nanz
n−1.

Since |nan| ≥ |an|, we get R1 ≤ R. Conversely, if r < R, pick r0 with r < r0 < R; then

lim
n→∞

n|an|rn = lim
n→∞

(
|an|rn0

)
·
(
n
(

r
r0

)n)
= 0,

since |an|rn0 is bounded (as r0 < R) and nqn → 0 for q = r/r0 < 1 (shown below). So (n|an|rn) is bounded,
hence r ≤ R1. As this holds for all r < R, R ≤ R1, so R1 = R.

Aside: nqn → 0 for 0 ≤ q < 1. Write q = 1/(1 + δ), δ > 0. By the binomial theorem, (1 + δ)n >
(
n
2

)
δ2 =

n(n−1)
2 δ2, so

nqn <
2n

n(n− 1)δ2
=

2

δ2(n− 1)
→ 0.

Step 2: the di�erence quotient. Write f(z) = Sn(z) + Rn(z), where Sn(z) =
∑n

k=0 akz
k and Rn(z) =∑∞

k=n+1 akz
k; let S′

n(z) =
∑n

k=1 kakz
k−1 be the n-th partial sum of f1. Fix |z|, |z0| < r < R. Then

f(z)− f(z0)

z − z0
− f1(z0) =

(
Sn(z)− Sn(z0)

z − z0
− S′

n(z0)

)
︸ ︷︷ ︸

I

+
(
S′
n(z0)− f1(z0)

)︸ ︷︷ ︸
II

+
Rn(z)−Rn(z0)

z − z0︸ ︷︷ ︸
III

.
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By the Lemma,

|III| =

∣∣∣∣∣
∞∑

k=n+1

ak
zk − zk0
z − z0

∣∣∣∣∣ ≤
∞∑

k=n+1

|ak| k rk−1.

Step 3: assembling the estimate. Fix ε > 0.

� Choose n large enough that |S′
n(z0)− f1(z0)| < ε/3 (partial sums of f1 converge, since f1 has radius

of convergence R), and
∑∞

k=n+1 k|ak|rk−1 < ε/3 (tail of a convergent series, as r < R = R1).

� Then choose δ > 0 such that |z − z0| < δ =⇒ |I| < ε/3, using di�erentiability of the polynomial

Sn.

For |z − z0| < δ, ∣∣∣∣f(z)− f(z0)

z − z0
− f1(z0)

∣∣∣∣ ≤ |I|+ |II|+ |III| < ε.

So limz→z0

f(z)− f(z0)

z − z0
= f1(z0), i.e. f

′(z0) = f1(z0) for every z0 ∈ B(0, R). □

Corollary (Taylor coe�cients)

f(z) =
∑

anz
n is in�nitely di�erentiable on B(0, R), with

f (k)(z) =

∞∑
n=k

n!

(n− k)!
anz

n−k, and in particular an =
f (n)(0)

n!
.

Proof. Induction on k, applying the Theorem repeatedly to the (termwise-di�erentiated) power series,

and setting z = 0 to read o� f (k)(0) = k! ak. □
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